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Abstract
Cross-flow plate heat exchangers are used for plenty of applications in industrial
and domestic sectors, and the analysis of heat transfer is a key for the evalua-
tion of their performance. There are challenges for an analytical study because
heat transfer in each channel is governed by a partial differential equation coupled
with temperature fields in the adjacent channels representing a three-dimensional
problem. The problem is even more complicated in the turbulent regime as the
effective thermal diffusivity varies within the channel cross-section. In the present
study, a separate set of governing equations and boundary conditions are consid-
ered for each part of the heat exchanger. Appropriate profiles for the flow velocity
and thermal diffusivity are substituted into the governing equations of the chan-
nels. The resulting partial differential equations in the channels are solved using
the separation of variables method. There remains an unknown boundary con-
dition linked to the temperature field on the plate surface which is considered to
be in the form of a two-variable series function whose coefficients are calculated
by applying energy balance between the two sides of the plate. The obtained
solution provides explicit expressions for the temperature fields in the plate and
channels. A scaling analysis is conducted showing that the model is valid when
Peclet numbers in both hot and cold channels are not small. The results are com-
pared with empirical data and a numerical model, and the accuracy of the derived
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heat transfer coefficients is investigated. In harmony with the scaling analysis, a
close agreement is observed in both laminar and turbulent flows for moderate and
high Prandtl numbers and when Peclet number is greater than 1000 in the case of
turbulent flow.




C heat capacity rate of flow, Eq.57, W/K
Cp specific thermal capacity, J/(kgK)
D hydraulic diameter of channel, m
fu velocity profile form function Eq. 2
fǫ eddy diffusivity profile form function Eq. 3
h convective heat transfer coefficient, W/m2K
Hh& Hc height of hot & cold channels, m
HP thickness of plate, m
k thermal conductivity, W/(mK)
L& W length of hot & cold channels, m
L0& W0 Stabilized lengths of hot & cold channels, m
Nu Nusselt number, dimensionless
Pe Peclet number, Pe = Re Pr, dimensionless
Pr Prandtl number, Eq. 1d, dimensionless
Prt turbulent Prandtl number, dimensionless
2
Q amount of heat transfer, W
qp local heat flux through plate, W/m
2
q∗p local heat flux through plate, dimensionless
Re Reynolds number, Eq. 1d, dimensionless
T Temperature, K
t time, s
U overal heat transfer coefficient, W/m2K
u velocity, m/s
X x-dependent part of solution for hot channel
x, y, z coordinations, dimensionless
xd, yd, zd coordinations, m
Y y-dependent part of solution for cold channel
Z z-dependent part of solution for channels
Greek symbols
α thermal diffusivity, m2/s
ǫH thermal eddy diffusivity, m
2/s
ǫM momentum eddy diffusivity, m
2/s
λ eigenvalue
Φ plate surface temperature, dimensionless
ρ density, kg/m3
ρm, ρn eigenvalue-dependent parameters, Eq.s 28 & 37
σ weight function, Eq. 25 & 38
θ temperature, dimensionless
3
ξ rejected solution for Z, Eq. A.1








MEE Membrane Enthalpy Exchanger
PHE Plate Heat Exchanger
1. Introduction
A plate heat exchanger (PHE) or more accurately, flat plate heat exchanger
consists of multiple channels separated by flat plates allowing fluids with different
temperatures to exchange heat without mixing. It has numerous applications in
different fields. In air conditioning, PHEs are used as air-to-air heat recovery ven-
tilators to reduce the energy consumed for treating fresh supply air. Detailed infor-
mation about different types and arrangements, design methods and construction
could be found in [1, p. 347-372]. In some applications, a similar device named
as membrane enthalpy exchanger (MEE) is used where a membrane replaces the
plate to allow a selective mass transfer as well as the heat exchange.
A variety of different surface types are used for the plate. Corrugated-surface
plates are shaped into parallel rows of ridges and grooves and are popular for their
enhanced heat transfer coefficients. Flat-surface types have plates without waves
or other irregularities in their surface in a macroscopic scale, and they are used in
some applications due to advantages such as reduced fouling problem and reduced
need for cleaning, ease of maintenance and lower pressure drops [1].
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The analysis of heat transfer in PHEs and MEEs have been the subject of many
researches most of which have employed a numerical scheme to solve the system
of governing equations.
Gut and Pinto [2] developed a one-dimensional model for a PHE package
containing multiple channels and obtained a set of ordinary differential equations.
They proposed an algorithm including a numerical method to calculate the pres-
sure and temperature for different configurations. Saman and Alizadeh [3] studied
heat and humidity transfer through the membrane in an MEE both by a numerical
model and an experimental set-up. Zhang [4] used a numerical method to model
the 3-dimensional heat and mass transfer problem in a cross-flow MEE. Huang
et al. [5] modelled heat and mass transfer in the laminar flow of an MEE for air
dehumidification applications by a numerical method. In both [4] and [5], the in-
fluence of mass transfer on the governing equations for energy balance has been
neglected. Simonetti et al. [6] conducted a numerical study on counter-flow PHEs
followed by an experimental test, and analysed the effect of different flow mix-
ing devices. Vali et al. [7] provided a simplified 2-D model for the problem of
heat and mass transfer in a cross-flow MEE and developed a numerical code for
the model. Jun and Puri [8] developed a 2-D numerical model to study fouling
performance in a PHE with flat-surface plates.
In some studies, commercial numerical software has been employed for the
numerical study. As instances, Galeazzo et al. [9] studied PHEs with flat sur-
face numerically and also in experimental tests. Deshko et al. [10] developed
a numerical model and also used a commercial modelling package to study heat
and mass transfer in a cross-flow air-to-air MEE. Dvorák and Vit [11] considered
a counter-flow PHE to be consist of cross-flow parts with flat-surface plates and
counter-flow parts with undulated plate, and used a commercial package to model
heat transfer.
Analytical solutions provide expressions for temperature distribution, heat flux
and performance in terms of parameters rather than specific values for them and
hence, they can offer valuable understandings about the effect of different con-
ditions on the desired parameters. In the following, a few works with analytical
approaches are reviewed.
Zaleski and Klepacka [12] represented an analytical method to calculate tem-
peratures in parallel-flow PHEs with multiple channels. Srihari et al. [13] devel-
oped a time-dependent one-dimensional model for PHE in the form of a set of
PDEs. They then solved the equations partly analytically by Laplace transform
and partly by a numerical scheme. Zhang and Niu [14] conducted a 2-D analysis
on heat and mass transfer in an MEE and provided simplified expressions to esti-
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mate the sensible and latent effectiveness. Khaled [15] analysed the 2-D problem
of heat transfer in a special design of a counter-flow PHE in which the cold and
hot sides are separated by an auxiliary fluid channel aiming to enhance the rate
of heat exchange. He developed a numerical model to solve the resulting PDEs
and derived an approximate analytical solution for a simplified case. Yeh and Ho
[16] conducted an analytical study for 1-D heat transfer in a parallel-flow heat
exchanger similar to a plate type in which one channel is divided into two sub-
channels resulting in cocurrent and countercurrent flows. Lu et al. [17] derived
1-D analytical solutions for the velocity and temperature in a parallel-flow PHE
which is partially filled with metal foams. Sangsawang et al. [18] analysed heat
transfer in a cross-flow PHE with triangular channels and developed a model in
which the conduction heat transfer within the fluids in the channels was neglected
and the temperature at each section of the channels was considered to be uniform.
The nature of heat transfer in PHEs of cross-flow type is three-dimensional
which makes it a more complex problem and there is a shortage of analytical
works for this type of heat exchangers. In the present study, we have derived
an explicit solution for the temperature distribution by considering separate heat
transfer equations for the plate and channels, solving the problem for each part
and reconnecting the equations for neighbouring parts in the form of boundary
conditions.
2. Mathematical Model
A schematic diagram with the coordination system for a multiple-channel
cross-flow flat PHE is displayed in Fig. 1. Note that a specific z-axis is defined
for each part.
The mathematical model has been developed for a flat PHE with the follow-
ing specifications. The PHE consists of several consecutive hot and cold chan-
nels separated by rectangular plates through which the heat exchange between the
channels at the two sides is carried out. The flows in the channels are single-phase,
incompressible and steady. There is no secondary flow or flow leakage. The fluids
at the entrances are in uniform temperatures throughout the cross-section. In each
channel and the plate, the changes in the properties due to temperature variation
are negligible. However, the fluid in each side can be different from the other one.
Furthermore, we use the properties and assumptions in the mathematical model
as fallows:











Figure 1: A schematic for the channels in a PHE and the coordination system used for the analysis.
The dashed lines represent the planes of symmetry in the middle of the channels. Note that the
origins of zh and zc are at the middle of the channels, and the origin of zp is at the hot side of the
plate surface
2. Hydrodynamic entrance effects are negligible and hence, the flows are con-
sidered to be hydrodynamically fully developed.
3. The length and width are sufficiently large so that the effect of the boundary
conditions of the side walls (the peripheral walls of channels) on the overall
heat transfer is negligible both in the channels and the plate.
4. Transversal heat conduction, i.e. conduction in x or y direction is negligible.
Assumption 1 refers to the flat-surface type of PHEs as explained earlier. Assump-
tion 2 represents a condition which is more general than the usual restrictions as
the results in the literature are usually limited to fully developed conditions. We
will scrutinise the rest of the assumptions in the subsequent sections, where the
results from the present model are compared with the empirical results. We will
also conduct a scaling analysis to investigate assumption 4, which will provide a
theoretical criterion for the limits imposed by the assumption.
7
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zh,d
Hh/2
(Hot side), z ≡ zp =
zp,d
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The symbols are introduced in the nomenclature. Note that x, y and z are the
coordination axes as introduced in Fig. 1 and are dimensionless unless specified
by a d index. The hydraulic diameter D is calculated based on the geometry of
a channel consisting of two wide parallel plates which for the hot side is Dh =
2Hh. The indexes h, c and p indicate the hot channel, cold channel and plate
respectively. However, wherever none of those indexes are shown, the hot channel
is intended.
Velocity profile
By considering the flow in the channels to be hydraulically fully developed,
the velocity varies only in the z- direction and one can write,
uh(zh) = uh fu(zh), (2a)
where fu is the profile form function for the velocity in the half-channel and
depends on the flow regime as the following,
Laminar flow (parabolic variations),
fu(z) = (1 − z
2), (2b)
Turbulent flow (power law),
fu(z) = (z + 1)
1/n, (2c)
where the parameter n varies slightly with the Reynolds number, e.g. n ≈ 6
for Re < 104 and n ≈ 7 for Re = 105 [19, p. 423-424]. The power-law model,
overestimates the values of the velocity near the boundary and a linear profile
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according to the laminar sublayer model gives more accurate values [19, p. 422-
423]. We can use a single profile for the whole cross-section by combining the
linear and power-law profiles, i.e.
fu(z) = (1 − e
clinz) fu,lin(z) + e
cpowz fu,pow(z), (2d)
where fu,lin is the linear velocity profile as mentioned above for to the laminar
sublayer and fu,pow is the power-law velocity profile as in Eq.2c for the rest of the
channel. clin and cpow are positive constants and are determined in a way that the
combined profile provides reasonable agreements with the sublayer and power-
law models separately. The coefficient for the linear part (the first term on the
right-hand side) varies from nearly 1 at the wall (z = −1) to 0 at the channel
centre (z = 0), and the coefficient for the power-law profile (the second term)
varies in the opposite way.
Thermal eddy diffusivity
The eddy diffusivity ǫH does not appear in laminar flows, i.e.
ǫH(zh) = 0. (3a)
In the turbulent regime, the thermal eddy diffusivity is related to the momentum




to be constant with the order of magnitude of unity [20, p. 239] & [21, p. 45].
We define a profile form function fǫ(z) to describe the variations of the momentum
eddy diffusivity within the channel. Depending on the distance from the wall,
different curves have been suggested in the literature. Ref. [22] represents unified
expressions for the whole channel based on which, we approximate the thermal
eddy diffusivity across the rectangular channels of the present study according to
the coordination shown in Fig. 1 as below,
ǫH(zh) = ǫ0Prt fǫ(zh), (3b)





D u∗κ in which D is the hydraulic diameter of the channel, u∗ is the
shear velocity and can be calculated based on the channel maximum velocity [23,
p. 602] and κ = 0.41 is the von Karman constant.
A similar set of equations can be written for the cold side.
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Governing equations
Regarding the conservation of energy for the turbulent flow in an incompress-
ible medium without thermal source and viscous dissipation [20, p. 327], the di-






































We note that the velocity u in the hot and cold channels is purely in x and y
directions respectively.
Assumption 4 leads the conduction in x and y directions to be negligible. By
further arrangements using Eq.s 2a and 1d, we can derive a full dimensionless



















































By neglecting the transversal heat conductions, the following ordinary differ-





As a commonly used condition in heat exchangers, the temperature of fluids
at the entrances are considered to be uniform, therfore,
θ(x = 0, y, zh) = 1, (9a)
θ(x, y = 0, zc) = 0. (9b)
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Since a typical PHE consists of several similar pairs of hot and cold channels,
the conditions of flow inside a hot/ cold channel will be similar to its neighbouring
hot/ cold channel provided that the channel is not close to an ending side of the
heat exchanger. Thus, symmetry conditions hold at the middle of each channel







Because the transversal heat conductions are neglected (assumption 4) and the
corresponding conduction terms do not appear in the governing equations, the
model does not contain any boundary condition for the sides, i.e. y-direction in
the hot and x-direction in the cold channels.
Decoupling the problem and deriving additional boundary conditions
To obtain a solution for the system of differential equations in the heat ex-
changer, we divide the domain into three regions, hot flow, plate and cold flow
each with a separate differential equation and boundary conditions. The regions
are linked through boundary conditions at the interfaces between the channels and
plate. If assumption 1 holds, by considering temperature continuity at the plate
interface with the fluid, we have
θ(x, y, zh = −1) = θ(x, y, zp = 0), (10a)
θ(x, y, zc = −1) = θ(x, y, zp = −1). (10b)
Consequently, by considering two unknown functions Φ(x, y) and Φc(x, y) as
the temperature field of the plate surfaces at the hot and cold sides respectively,
two separate equations are derived from each of the above equations. Eq. 10a
provides the following boundary conditions,
θ(x, y, zh = −1) = Φ(x, y), (11a)
θ(x, y, zp = 0) = Φ(x, y), (11b)
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and Eq. 10b leads to
θ(x, y, zp = −1) = Φc(x, y), (11c)
θ(x, y, zc = −1) = Φc(x, y). (11d)
The unknown boundary values Φ(x, y) and Φc(x, y) will be calculated later as
a part of the solution.
3. Solving the governing differential equations
The problem of heat transfer in the hot side consists of the partial differential
equation (PDE) 5 with the boundary condition Eq.s 9a, 9c and 11a. Similarly, for
the cold side, the set of equations is 6, 9b, 9d and 11d. Although the governing
equations are reduced to 2-D, since the boundary conditions are functions of both
x and y, the temperature distribution will be 3-D.
Solution for the plate
The problem in the plate is an ordinary differential equation 8 with Eq.s 11b
and 11c as the boundary conditions which is immediately solved:
θ(x, y, zp) = (Φ(x, y) − Φc(x, y)) zp + Φ(x, y). (12)
which explicitly includes the dimensionless heat flux through the plate,
q∗p = Φ(x, y) − Φc(x, y). (13)
Solution for the hot channel
The PDE of each channel defines an initial boundary value problem which is
solved by the separation of variables method [24]. Regarding the hot channel, the
solution of Eq. 5 is assumed to be
θ(x, y, zh) = θhom(x, y, zh) + Φ(x, y), (14)
which defines a new problem for θhom with the below homogeneous boundary
condition instead of Eq. 11a
θhom(x, y, zh = −1) = 0, (15)
12



















where Φx = Φx(x, y) =
∂
∂x
Φ(x, y). The other boundary conditions are




The homogeneous form of Eq. 16 i.e. the equation without the term Φx is
assumed to have a solution in the form,
θhom(x, y, zh) = X(x, y)Z(zh), (19)























where λ is a constant known as the eigenvalue which is positive because it can be
shown that otherwise, the boundary condition equations would result in the trivial
solution Z(zh) = 0.
Eq. 20 is solved using series solution method which leads to an infinite power
series for Z(zh) consisting of two orthogonal solutions ζ(zh) and ξ(zh), and the
general solution is in the form Z(zh) = C1ζ(zh) + C2ξ(zh). More details about the
solution procedure are given in Appendix A. Eq. 18 gives a boundary condition
as Z′(0) = 0 which leads to C2 = 0 and the solution is reduced to Z(zh) = C1ζ(zh).
The other boundary condition comes from Eq. 15 which is used to calculate
eigenvalues
ζ(zh = −1) = 0. (22)
The above equation gives an infinite number of answers for λ. From now on, λm
indicates the m-th answer related to the m-th eigenfunction ζm(zh), and a smaller
m denotes a smaller λm. Hence, the functional form of the solution for Z(zh) is
Z(zh) = ζm(zh). (23)
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Pe fu(zh)λmZ = 0, (24)





Any piecewise smooth function in the problem can be expanded in terms of the














= ρmΦx(x, y), (27)









Also, the expression in Eq. 19 for θhom can be written as





The functional form of the solution for homogeneous problem is identical to
the inhomogeneous one. Thus, substituting the expression in Eq. 29 for θhom





























According to Eq.s 23 and 24, the first term in the above equation is equal to




= −Φx,m(x, y). (31)





λm xdx + ch,m(y)
)
e−λm x, (32)
where ch,m(y) is the parameter of the solution for the differential equation.
Now, by referring to Eq. 14, the solution of the problem for the hot channel
(0 6 zh 6 1) will be in the following form











+ Φ(x, y) (33)
By applying the boundary condition Eq. 9a we have
















Due to the orthogonality of the Sturm-Liouville eigenfunctions ζm and ζm′ , the
right-hand side of the above equation is zero except for the case m = m′. m′ on
the left-hand side is a free index and can be replaced by m. Therefore,
∫ 1
0




which yields an expression for ch as
ch,m(y) = ρm (1 − Φ(0, y)) . (34)
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Thus,














To complete the solution, we need to obtain the function Φ(x, y). For this aim,
it is necessary to solve the PDE in the cold channel and associate the answer to
the above solution for the hot channel.
Solution for the cold channel
The solution of Eq.s 6, 9b, 9d, and 11d for the cold channel is similar to that
of the hot side, i.e.


























where the subscript c indicates the cold channel in analogy to the hot side and Φc,y
is the y-derivative. Similar to the hot side, ζc,n(zc) is a solution for the ordinary



















The eigenvalues λc,n are found from the following equation
ζc(zc = −1) = 0. (40)
Combining the solutions
With assumption 1, by taking into account the continuity of heat flux at the






















where kh and kc and are the thermal conductivities of the fluids in the hot and cold
channels respectively, and kp is the plate thermal conductivity. The negative sign
in Eq. 42 is because the directions of z coordinates in the cold channel and plate
are opposite.
Substituting into the above equations from the expressions obtained for tem-












































Eq. 43 offers an expression for Φc(x, y), i.e.














In Eq. 44, Φc(x, y) is replaced by the above expression resulting in an equation
with only one unknown function Φ(x, y). Φ(x, y) is then found by considering an
ansatz of two-variable power series. The details of the procedure are provided in
Appendix B.
4. Analysis of the solution
The present solution gives the temperature at any point within the channels
and the plate. It can also be used to derive expressions for the heat flux at a
desired location and convection coefficient on each surface. The mathematical
formulations are expressed as infinite series with oscillating terms related to the
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eigenvalues λm. As more terms are included, more accurate values are obtained.
The terms with λm > 10 have smaller shares in the answer and they require dealing
with large numbers, and hence, they can be neglected. However, for an acceptable
accuracy, it is necessary that the largest eigenvalue is sufficiently large. Here, we
have rejected the results with largest λs less than 1.
The smallest eigenvalue, λ1 is in particular important as it has the greatest
contribution in the rate of temperature change along the flow direction. By Sub-
stituting the first terms of ζ into Eq. 22, one can obtain an estimation for λ1 which








4.1. A validity limit for the solution
It is expected that transversal heat conductions impose the major restrictions
on the present model for a typical flat PHE. Therefore, we conduct a scaling anal-
ysis to investigate the conditions under which assumption 4 holds.
We first regard the hot channel. Assumption 4 indicates that z-conduction
in the channel must be balanced almost entirely by the heat convection. Thus,





















The driving force for temperature variations within the plate in x and y di-
rections, i.e. ∆θx and ∆θy, comes from the difference between the local values
of the temperature across the plate thickness, i.e. ∆θHp . Thus, ∆θx
∝
∼ ∆θHp and
∆θy ∝∼ ∆θHp . In a cross-flow heat exchanger, ∆θHp is decreased as the distance
from an entrance becomes more. In sufficiently large distances from the entrance,
i.e. L0, the temperature is stabilized and does not varies noticeably by further dis-
tance from the entrance. The temperature variation from the entrance to L0 is in
the same order as the maximum temperature variation across the channel. There-









The assumption also implies that the x-conduction term is negligible compared
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which for the laminar flow reads
Peh ≫ 1. (52)
In the turbulent regime, the inequality 51 determines the validity limit. ǫH is re-
lated to the friction factor through u∗ leading to a dependency to Re. The left
hand side of 51 is proportional to Prh f (Reh) where f increases with Reh in a rate
weaker than a linear function. Hence, still the solution is valid in high enough
Peclet numbers, but the validity range is more sensitive to Pr than to Re.
Another restriction is deduced regarding the cold channel by considering the











Regarding the plate, since comparable temperature changes occur across L0 and








which is automatically fulfilled if the requirement in the inequality 51 is met.
Considering the case L < L0, we note that in an approximate manner ∆θL
decrease proportionally with L/L0. Thus, as long as assumption 3 is met, the
relations discussed in this section will still hold.
Similar relations can be written for the cold side parameters. In all, Pr and Re
numbers in both channels need to be sufficiently large.
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4.2. Calculation of heat transfer coefficient
The thermal performance of a PHE is directly linked to the heat flux through
the plate, qp which can be expressed based on the gradients of the temperature in
z- direction. The temperature gradients appear as the first terms in Eq.s 5 & 6,
according to which, the thermal performance is a function of Re, Pr as well as
the length to height ratio (the diffusivity ratio is mainly a function of the Re and
Pr numbers). If the length/ height is sufficiently great, the second terms (x and
y gradients) vanish and the dependence of the local heat flux to the length-heigh
ratio can be neglected.














As we aim to compare the results with external sources, we need to use dimen-
tional heat flux,
Qp = Aqp = LW
kp
Hp








The amount of the heat rejected from the hot side and the heat given to the
cold side are also calculated as the following,
Qh = Ch
(












In an ideal case where all heat transfer is carried out through the plate, the
above-mentioned values are equal, i.e.
Qp = Qh = Qc. (58)
The rate of heat exchange is linked to the overall heat transfer coefficient, U





















U is related to the convective heat transfer coefficients. Assuming no heat loss













For further calculations, by considering a similarity between the both channels, i.e.
hh = hc = h, kh = kc = kair and Dh = Dc = D, the Nusselt number, Nu = hD/kair
is obtained.
In the following, we evaluate the analytical solution by studying the ther-
mal performance and temperature distribution for a heat exchanger section with
smooth-surface plates, and we compare the results with external sources. In all
cases, the channel dimensions and flow conditions in the hot and cold sides are
considered to be similar, i.e. L = W, Hh = Hc, Prh = Prc and Reh = Rec. In the
laminar flow, L/D = 30 and in the turbulent cases, L/D is taken to be between 20
and 30 depending on the amount of Pr. The illustrated results in turbulence are
all based on the power-law velocity profile as in Eq. 2c.
4.3. Nusselt number in laminar flow
Gut et. al. [25] suggested Nu correlations based on experiments for flat PHE
with different configurations including symmetric or asymmetric pass-arrangements
and cocurrent and countercurrent flows. However, their data were largely scattered
within different configurations imposing uncertainty on their correlation. Other
correlations are available for laminar internal flows with smooth wall surface. We
use the empirical correlations for hydraulically developed and thermally develop-
ing flow between parallel plates one for constant temperature surfaces attributed
to Stephen as reported in [26] and the other one for uniform heat flux from the sur-
faces attributed to Shah and London [20, p. 128] and [27, p. 5.63]. In cross-flow
PHEs, the surface thermal condition does not match any of the above conditions.
In a case with equal heat capacity flows in the channels, the surface temperature is
almost constant around the line y = x and the heat flux is almost fixed around the
line y = 1− x. The surface thermal condition is usually more important in smaller
Pr values. Having noticed that, we use the available relations as estimations for
the accuracy of the present analytical model.
Nu curves are illustrated in Fig. 2 for various values of Pr. As the benchmark
curves are not valid for small Pr values, we limit the study to Pr > 0.7. The
present model shows a close agreement with the empirical correlations, especially
the case with constant temperature surface. Since the curves for the model and cor-
relations follow similar slopes and hold almost uniform distances from each other,
21
it is understood that the functional forms of the curves are also in a good agree-
ment. Although, the analytical results are consistency below the benchmarks, the
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Figure 2: Nu profiles from the present model and empirical correlations for various Pr in the
laminar regime.
4.4. Nusselt number in turbulent flow
Regarding the turbulent regime between parallel smooth plates, empirical cor-
relations are available for small and large Pr numbers and we note that unlike
the laminar regime, relations provided for circular pipes can also be used here as
estimations. For an evaluation of the model, we use Nu expressions as described
below.
The Ref.s [27, p. 5.23] [20, p. 379] provide correlations proposed by Notter
and Sleicher, which are basically for flows into circular pipes and are valid for
0.04 6 Pr 6 0.1, 104 6 Re 6 106. The Taler’s correlation [28] is based on
a relationship for turbulent Prandtl number proposed by Aoki, and the validity
range is declared to be 0.0001 6 Pr 6 0.1, 3 × 103 6 Re 6 106. The Dwyer’s
relation as is represented in [29, p. 454] is for the flow of low Pr fluids between
parallel plates with heat flux from the both plates. The correlation attributed to
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Shibani and Ozisik [30] is for flows between parallel plates and is valid in 0.1 6
Pr 6 104, 104 6 Re 6 106. Finally, the original expression of Dittus-Boelter as
is reported in [31, p. 544] is for flows in circular pipes and is valid in 0.7 6 Pr 6
120, 2500 6 Re 6 1.24 × 105.
The present model is derived for a hydraulically developed but thermally de-
veloping flow. Since the above-mentioned correlations are represented for fully
developed conditions, we use the relations proposed by Al-Arabi as is reported in
Ref. [27, p. 5.27] to modify them for a thermally developing flow condition.
Fig. 3 depicts Nu − Re curves in the range 0.05 6 Pr 6 4. For each Pr,
the empirical correlations are selected according to the declared range for their
validity. In occasions we may have used the correlations beyond their declared
validity range as approximations.
N
u present model
Notter-Sleicher (constant T) [20 & 27]
Notter-Sleicher (uniform q) [20 & 27]
Taler (uniform q) [28]



















































































Figure 3: Nu profiles from the present model and empirical correlations for various Pr in turbulent
regime.
We see in the figure that the present model is in a good agreement with the
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other correlations in the displayed Pr and Re ranges, in terms of both the values
and functional form with respect to Re. It should be noted that the relations such
as Dittus-Boelter which are represented for circular pipes underestimate the heat
transfer coefficients in the PHE geometry and are referred only as estimations. We
also note that the accuracy of the empirical expressions themselves is limited and
uncertainties around 25% are expected [31, p. 447]. Hence, in the displayed Pr
and Re intervals, the uncertainties in the empirical correlations cover parts of the
differences with the present model.
The present model tends to underestimate heat transfer coefficients in Pr 6 0.1
especially when Re is not large i.e. Pe < 1000. In such conditions, the conduc-
tivity plays a major role in the heat transfer even in the core of the channel. Con-
sequently, the temperature of the fluid in a channel will be highly affected by the
temperature of the flow in the other side and hence, there will be a considerable
temperature gradients along the stream direction resulting in transversal heat con-
ductions in both x and y directions to be noteworthy heat transfer mechanisms.
Since our model includes only the z-axis conduction and the other components
are neglected, the predicted heat transfer coefficient will be smaller than reality.
Eq. 5
For a better understanding about the effect of the transversal conduction, we
have computed the amount of different heat transfer items as in Eq.s 56 and 57.
According to the analytical solution, Qp is smaller than Qh and Qc by up to 12%
in Pr = 0.05 and 5% or less in Pr > 0.5 which indicates some heat leakage to/
from hot/ cold fluids on the side boundaries (walls), entrances and outlets. We will
study this effect with more scrutiny later in the study of temperature distribution.
The selected profile for the eddy diffusivity in the channel cross-section has an
influence on the results, especially in high Pe values. With the use of the profile
in Eq. 3c, the first eigenvalues are usually small enough and the mathematical
expressions are easily handled. However, more realistic profiles have been offered
[22] which are expected to provide improved results.
Another cause of the differences can be attributed to the fact that the model
lacks no-slip boundary conditions on the side walls (the peripheral walls) of the
channels. This factor is expected to be noticeable only if the length and width are
too small in which case, the convection in average will be stronger in comparison
with a real case with limited channel length/ width. We discuss this topic later in
the study of the temperature distribution.
We note that the power-law profile gives velocities larger than reality in the
vicinity of the walls which results in greater heat transfer rates. However, regard-
ing that the convection is not the main mechanism of heat transfer in the turbulent
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sublayar, the approximation of the power-law profile is not expected to cause con-
siderable errors in the results. We used a combined linear, power-law velocity
profile according to 2d for a few cases which are not displayed here, and obtained
results with limited improvements.
4.5. Temperature distribution
In this section, we study the temperature field obtained by the solution and
compare it with the results from a numerical model. This represents a better un-
derstanding about the strengths and limitations of the present model and provides
explanations about the sources of errors.
A sample case has been considered as the following, hot fluid: air at 1atm and
T 0
h
= 298 K, cold fluid: air at 1 atm and T 0c = 273 K, plate material: aluminium,
L = W = 0.300 m, H f = Hr = 0.010 m, Hp = 0.001 m and Reh = Rec = 6000.
The geometry, materials and boundary conditions at the inlets and mid-channels
in the analytical and numerical models are the same. However, for the numerical
model, we apply no-slip velocity and no-flux thermal boundary conditions on the
side walls of the channels and the plate, whereas the analytical model does not
take any boundary condition other than entrances and mid-channels.
The numerical results are computed by ANSYS-Fluent 19.2. A mesh with in-
flations normal to the plate is considered. A study has been carried out to verify
mesh independence by comparing the results with cases having less number of
layer elements and coarser meshes in x and y directions. For the final simulation,
we have used a mesh with 15 layers in z- direction for each channel containing
about 1.4M nodes and 2.5M elements in total which gives results without consid-
erable differences to the coarser cases. We have used the standard k − ǫ as the
turbulence model and found 300 iterations to be enough for the convergence.
Fig. 4 shows temperature contours on the plate. The analytical and numerical
results are similar in general, but we can spot differences in two aspects; firstly,
the range of temperature change in the analytical solution is larger than that of
the numerical simulation, and secondly, as a result of applying no-flux boundary
conditions on the walls, the contours in the numerical results are perpendicular to
the boundaries. Both items are mainly associated with the assumptions leading to
neglecting the diffusion terms in x and y directions.
First, we note that although the scale analysis shows that the conduction terms
in x and y directions are negligible with respect to the z- direction, they are not
forced to be zero. In fact, the values of heat flux on the plate surface i.e. qx and
qy prescribed by the solution in Eq. 12 are non-zero for every location including



















Figure 4: Temperature distribution (in Kelvin) on the plate surface from a) the analytical solution
and b) the numerical model with no-heat flux on the walls.
walls, deviations will emerge from the results of the analytical solution. Here,
compared to the numerical model with no heat-flux on the walls, extra heat inputs
to the hotter boundaries and extra heat rejections from the colder boundaries are
obtained from the analytical solution which explains why the range of temperature
change in the analytical solution is larger than the numerical model.
Apart from the range, differences can also be seen in the pattern of the tem-
perature field as the contours are perpendicular to the boundary in the numerical
model which is associated with the no-flux boundary conditions. The deviations
are rapidly decayed in the locations closer to an entrance while they are more
spread in the areas with more distance from the entrances, because in farther dis-
tances from the entrances, the temperature field is nearly stabilized and heat flux
in all directions are small and hence, the solution will be more sensitive to pertur-
bations originated from the boundaries. However, these deviations are expected to
cause an insignificant impact on the overall heat transfer as the rate of heat transfer
is relatively small in the locations far from the entrances.
Fig. 5 depicts the temperature distribution on the x−y plane at zh = 0.2 in the
hot channel. Compared to the results for the plate, the ranges of the temperature
change are closer to each other and the main deviation is seen in the vicinity of the
walls. A source of this deviation is the no-flux thermal boundary condition on the
channel walls in the numerical model which is different from the analytical solu-
tion, but unlike the plate, due to the presence of the convection, the temperature
gradients in the channels are relatively small and the results are less sensitive to
the wall thermal boundary conditions. The deviation is to a large degree related to
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the fact that in the numerical model, the no-slip boundary condition is applied on
the walls whereas in the analytical solution as in assumption 3, the channels are
regarded as infinitely wide. As a result, in the numerical model, the convection of
the hot stream will be weaker in adjacent to the walls allowing the cold flow on
the other side of the channel to have a greater influence on the temperature field
through diffusion and hence, the temperatures near the walls are reduced. This
results in the calculation of higher heat transfer rates in the analytical solution,


















Figure 5: Temperature distribution (in Kelvin) on the plane zh = 0.2 from a) the analytical solution
and b) the numerical model with no-heat flux on the walls.
The temperature curves across the channel depth for a few (x, y) points are
displayed in Fig. 6. The slope of the curves is higher in the locations where the
convection is weaker or in the areas close to an entrance. The maximum gradient
at each point occurs at the plate surface and reflects the local rate of heat transfer
between the channels.
Fig. 6 shows that the curve for point 1 has wavering forms in both channels,
i.e. the temperature falls slightly below the cold-side entrance value in the cold
channel and goes slightly beyond the hot-side entrance in the hot channel. A
similar pattern is seen for point 2 only in the hot channel. The reason for these
wavering forms which may occur only in the vicinity of the entrances is related to
the fact that the sequence ρm in the solution (Eq. 35 for the hot side) is oscillating.
As the terms e−λm x decay in moderate and large x values, the wavering form is
seen only in the areas close to an entrance. We note that the terms e−λm x will
also diminish if the eigenvalue λm is large. Therefore, it is important that the
largest eigenvalue of the solution must be great enough to minimize errors related
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to neglecting the remaining terms and provide sufficient accuracies, especially in

















cold channel plate hot channel
Figure 6: T (z) curves from the analytical solution showing temperature variations along lines in z
direction at selected x, y points. The indexes for the temperatures correspond to the locations as
follow; (x1, y1) = (0.1, 0.1), (x2, y2) = (0.1, 0.9), (x3, y3) = (0.5, 0.5) and (x4, y4) = (0.9, 0.9).
Conclusions
In the present study, an analytical solution is developed for heat transfer in a
cross-flow PHE, providing the temperature field in the plate and channels. The
solution takes into account the major conduction-convection mechanisms in 3-
dimensions for both laminar and turbulent flows which to the best of our knowl-
edge, is the most comprehensive model for such physics.
The results of the model are compared with empirical correlations for Nu num-
ber. In the laminar regime, the model shows a close agreement with experiment
for a wide range of Pr and Re numbers. A close agreement is also seen in turbu-
lence for Pe > 10000 (and for smaller Pe numbers if Pr is not too small), as in
small Pe numbers, transversal heat conduction (including axial conduction) limits
the accuracy of the model. There is also a restriction in high Pe values which is
thought to be due to sensitivity to the profile of the turbulent eddy diffusivity and
can be amended by using a more accurate profile. An additional study regarding
the temperature distribution with air as the fluid in a turbulent regime demonstrates
that transversal heat conduction is partly linked to the boundary conditions on the
side walls.
28
The obtained solution is in the form of infinite series and needs to be truncated
at some point which poses an error to the solution and may also lead to a wavering
pattern for the temperature in locations close to the channel entrances.
The present study offers a tool for better understanding of heat transfer in
the cross-flow heat exchangers with flat-surface plates. The model in its present
form can be used for rough surfaces by choosing appropriate friction factor for
the calculation of the turbulent eddy viscosity. However, due to the flexibility of
the model in the selection of different parameters for the eddy viscosity and the
velocity profile, we expect that it can be adjusted for applications with surfaces
having macroscopic irregularities provided that irregularities are uniformly dis-
tributed and are small compared to the boundary layer (channel height) and an
effective surface can be defined. Also, in MEEs with flat membranes, as long as
the impact of the mass transfer on the energy balance is negligible, we expect that
the present model can be used directly or by modifications, to give predictions
about their thermal performance. In a more general sense, the methodology em-
ployed to solve the problem may be useful for analysis of other problems with
separated flows and coupled boundary conditions.
Appendixes
A. Solution of the differential equation for Z in the channel


























6= 0 and the other coefficients are bounded, we can consider





for −1 6 zh 6 0. A polynomial expression can
be derived for fu(zh) from Eq. 2 using the Maclaurin series. The new expression
for fu(zh) together with Eq. 3 for ǫH(zh) and the series expression for Z(zh) are
substituted into Eq. A.1. In the resulting equation, we can consider the coefficients
for each power of zh to be zero. Consequently, for a desired Na, we will find
ai, i = 2, 3, 4, ....,Na in terms of a0 and a1 which are independent coefficients and
correspond to ζ(zh) and ξ(zh) respectively. The first terms of ζm with a0 = 1 and
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is a measure of the ratio between the rate of streamwise
convection and the strength of the conduction perpendicular to the plate.
B. Deriving Φ(x, y) from the continuity of heat flux
We can derive expressions for Φc(x, y), Φc,y(x, y) and Φc(x, 0) from Eq. 46 and

























































































which is a partial integro-differential equation for Φ(x, y). We consider a two-










which together with its x and y derivatives can be substituted into Eq. B.1. We
can then consider the coefficients of the xiy j terms to sum up to zero. Despite its
complex appearance, the obtained system of equations is analytically solvable for
a desired number of terms, Nb, and provides explicit and interpretable expressions
for bi j, i, j = 0, 1, 2, ...,Nb. For example, the first coefficient which is the temper-
ature at (x, y) = (0, 0) and represents an estimation for the average temperature of









ρmζ́m(−1) and gc =
∑Nb
n=1
ρc,n ´ζc,n(−1) are representatives for the
thermal strength of the hot and cold channels respectively.
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